Let U(ZG) be the unit group of the integral group ring ZG. A
Introduction
Let ZG be an integral group ring of a group G and let U(ZG) be its group of units. Denote by T(G) the set of all torsion elements of G. A group G is Hamiltonian if G is nonabelian and every subgroup of G is normal.
We say that a group G satisfies the property (*) if one of the following holds: The property (*) appears quite frequently while studying U(ZG). We list the following results:
(1) t/(ZG) is nilpotent if and only if G is nilpotent and satisfies (*) [7, VI.3.23]. (5) Let G be such that G/T(G) is right ordered. Then [/(ZG) is Engel («-Engel) if and only if G is Engel (n-Engel) and satisfies (*) [2] .
The similarity in the above results motivates us to look for a "unified proof for these results to see why G always has the property (*). In this process we obtain easier proofs of the above mentioned results (particularly of (2) and (5)) and we also get some new results of a similar nature.
Condition (*) is necessary
The necessity of (*) in the above results will be shown by proving that the hypothesis in each of them implies the following statements: It is easy to see that (I) and (II) imply that if T(G) is nonabelian, then it is a Hamiltonian 2-group, thus establishing (*) in all cases.
If T(U(ZG)) is a subgroup, then T(G) is either an abelian or a Hamiltonian 2-group with every subgroup of T(G) normal in G [5]. Thus (I) holds if [/(ZG) is one of the types as described in (l)-(4). For (5) we let x £ G and / £ T(G).
Since (1 -t)2P = 0 for any /? 6 ZG and t £ T(G), it follows that (1 -t)p = 0 (see [7, p. 182] ).
This shows that (t) is normal in G and thus T(G) is either abelian or a Hamiltonian group.
For (II) first note that if G is nonabelian torsion, then by [4] G will be a Hamiltonian 2-group, otherwise [/(ZG) will have a noncyclic free subgroup.
We assume that G is nontorsion and T(G) is either abelian or a Hamiltonian group and every subgroup of T(G) is normal in G.
Let t £ T(G) be an element of order /, x £ G, and x~xtx / t. We can assume that x is of infinite order. Now consider the rational group algebra Q(t). By Clearly & = (V, x) is finitely generated and torsion free. We claim that & is actually abelian.
In fact, if & is nilpotent, then %?/^(ff?) is torsion free as $* is torsion free. Further, (t) is normal in G so x" commutes with t for some n, i.e., x" £ C(3?). Hence 9 is abelian. This also covers the case if W is Engel as a finitely generated soluble Engel group is nilpotent.
In the other cases ((2), (3), and (4)) &' is torsion, but since ff' c V and V is torsion free, it follows that ¥? is abelian.
Finally we have that x commutes elementwise with V. Hence Q( V) C Q(ii), where Q(cj/) is the fixed field of the automorphism 6X. Since rank C/(ZK/]) = rank(F), by [7, II.2.10], x~x^x = £fl and thus x~xtx = r1 .
Condition (*) is sufficient
We first prove the following lemma. 
Further results
The discussions of § §2 and 3 show that if P is a group-theoretical property which is subgroup closed, then [/(ZG) e P implies that G £ P and satisfies (*) if it can be proved that T(G) is either abelian or a Hamiltonian group and every subgroup of T(G) is normal in G. Then the group ¥? defined in §2 is abelian. To show the converse, the lemma of §3 should hold. Thus we have the following straightforward results, which we state as corollaries. It is sufficient to show that G is nilpotent. Since G/T(G) is torsion free soluble M-Engel, by [6, Corollary 7 .36] G/T(G) is nilpotent. Hence y/(G) C T(G) for some /. Here yi(G) is the lth term of the lower central chain of G.
If T(G) is central, then G is nilpotent. If T(G) is noncentral, then for every t £ T(G) and x 6 G, (t,"x) = 1 . Now as x~xtx = t or t~x , we have o(t) < 2" . Thus T(G) is of exponent at most 2" .
Again, since x~xtx = t or t~x for t £ T(G), x £ G, it follows that (t, Xx, ... , x") = 1 for every t £ T(G) and x,■ £ G, i = 1, ... , n . Thus 7i+n(G) = 1, i.e., G is nilpotent. □
